Abstract: The aim of this work is to improve Wilker inequalities near the origin and π/2.
Introduction and Motivation
In 1989, J. B. Wilker [8] presented the following inequality for x ∈ (0, π/2)
This inequality is of great practical importance and it was extended in different forms in the recent past. We refer to [1] - [14] and all references therein. As Wilker [8] asked about the largest constant c such that sin x x 2 + tan x x > 2 + cx 3 tan x , x ∈ (0, π/2) , Sumner, Jagers, Vowe and Anglesio [7] proved the following sharp inequality for x ∈ (0, π/2) 2 + 16 π 4 x 3 tan x < sin x x 2 + tan x x < 2 + 8 45
Constants 8/45 and 16/π 4 are somehow motivated, since they are the limits at 0, respective π/2 of the function
Recently, Chen and Cheung [1] proved that this function decreases monotonically on (0, π/2) from 8/45 to 16/π 4 . It is true that inequalities (1) and some of recent improvements are nice through their symmetric form, but let us remember the practical importance of an inequality which is to provide some bounds for a given expression. In case of (1) observe that near π/2, the right-hand side inequality becomes weak, since
As a consequence, if we are interested in finding good approximations of expression sin 2 x /x 2 + (tan x) /x in terms of Wilker inequality, then near zero, the constant 8/45 should be used, while near π/2, the best choice is 16/π 4 . In other words, accurate approximations near zero are obtained of the form
with λ (x) → 0, as x → 0, while accurate approximations near π/2 are obtained of the form
The Results
In the light of the discussion from the previous section, we propose the following new results.
Theorem 1.
For every x ∈ (0, 1) , we have
where
in the left-hand side, and for every
in the right-hand side, the following inequalities hold true:
We use in our work the following inequalities for x ∈ (0, π/2) and nonnegative integers m and n,
are truncations of
We call a coefficient-positive polynomial a polynomial with all coefficients positive. For sake of continuity of the presentation, we provide the involved polynomials in a separate section entitled Appendix in the final part of this paper.
Proof of Theorem 1. We have
, where A, B, C are coefficient-positive. For every x ≥ 1, m (1/x) < 0, that is m (x) < 0, for every x ∈ (0, 1) . The left-hand side inequality (2) is proved.
For the other side, we have
Thus
, where D, B, C are coefficient-positive. For every x ≥ 1, n (1/x) < 0, that is n (x) < 0, for every x ∈ (0, 1) . The right-hand side inequality (2) is proved and the conclusion follows.
Proof of Theorem 2. Since we are interested now for x near π/2 and estimates (4)- (5) give good results near zero, we replace x by π/2 − x in the requested inequality to get 2 + 16
For the left-hand side inequality (6), we have
As
with E a positive-coefficient polynomial, it results p (1/x) < 0, for every x ≥ 3. Hence p (x) < 0, for every x ∈ 0, 1 3 . By replacing back x by π/2 − x, the left-hand side inequality (3) is proved.
For the right-hand side inequality (3), we have
.
with F a positive-coefficient polynomial, it results q (1/x) > 0, for every x ≥ 2. Hence q (x) > 0, for every x ∈ 0, 1 2 . By replacing back x by π/2 − x, the right-hand side inequality (3) is proved. 
